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STABILITY ESTIMATE FOR AN INVERSE PROBLEM FOR THE SCHRÖDINGER
EQUATION IN A MAGNETIC FIELD WITH TIME-DEPENDENT COEFFICIENT
IBTISSEM BEN AÏCHA
ABSTRACT. We study the stability issue in the inverse problem of determining the magnetic field and the time-
dependent electric potential appearing in the Schrödinger equation, from boundary observations. We prove in
dimension 3 or greater, that the knowledge of the Dicrichlet-to-Neumann map stably determines the magnetic
field and the electric potential.
keywords: Stability estimates, Schrödinger equation, magnetic field, time-dependent electric potential, Dirichlet-
to-Neumann map.
1. INTRODUCTION
1.1. Statement of the problem. The present paper deals with the inverse problem of determining the mag-
netic field and the time-dependent electric potential in the magnetic Schrödinger equation from the knowl-
edge of boundary observations. Let Ω Ă Rn, n ě 3, be a bounded and simply connected domain with
C8 boundary Γ. We denote by ∆A the Laplace operator associated to the real valued magnetic potential
A P C3pΩq which is defined by
∆A “
nÿ
j“1
pBj ` iajq
2 “ ∆` 2iA ¨∇` i divpAq ´ |A|2.
Given T ą 0, we denote by Q “ Ωˆp0, T q and Σ “ Γˆp0, T q. We consider the following initial boundary
problem for the Schrödinger equation
(1.1)
$&% piBt `∆A ` qpx, tqqu “ 0, inQ,up., 0q “ u0, inΩ,
u “ f, onΣ,
where the real valued bounded function q P W 2,8p0, T ;W 1,8pΩqq is the electric potential. We define the
Dirichlet-to-Neumann map associated to the magnetic Schrödinger equation (1.1) as
ΛA,q : H
2pΩq ˆH2,1pΣq ÝÑ H1pΩq ˆ L2pΣq
pu0, fq ÞÝÑ
´
up., T q, pBν ` iA ¨ νqu
¯
,
were νpxq denotes the unit outward normal to Γ at x, and Bνu stands for ∇u ¨ ν. Here H2,1pΣq is a Sobolev
space we shall make precise below. We aim to know whether the knowledge of the Dirichlet-to-Neumann
map ΛA,q can uniquely determine the magnetic and the electric potentials.
The problem of recovering coefficients in the magnetic Schrödinger equation was treated by many authors.
In [5], Bellassoued and Choulli considered the problem of recovering the magnetic potential A from the
knowledge of the Dirichlet-to-Neumann map ΛApfq “ pBν ` iν.Aqu for f P L2pΣq, associated to the
Schrödinger equation with zero initial data. As it was noted in [21], the Dirichlet-to-Neumann map ΛA is
1
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invariant under the gauge transformation of the magnetic potential. Namely, given ϕ P C1pΩq such that
ϕ|Γ “ 0, we have
(1.2) e´iϕ∆Aeiϕ “ ∆A`∇ϕ, e´iϕΛAeiϕ “ ΛA`∇ϕ,
and ΛA “ ΛA`∇ϕ. Therefore, the magnetic potential A can not be uniquely determined by the Dirichlet-
to-Neumann map ΛA. In geometric terms, the magnetic potential A defines the connection given by the one
form αA “
řn
j“1 ajdxj . The non uniqueness manifested in (1.2) says that the best one can hope to recover
from the Dirichlet-to-Neumann map is the 2-form
dαA “
nÿ
i,j“1
´ Bai
Bxj
´
Baj
Bxi
¯
dxj ^ dxi,
called the magnetic field. Bellassoued and Choulli proved in dimension n ě 2 that the knowledge of the
Dirichlet-to-Neumann map ΛA Hölder stably determines the magnetic field dαA.
In the presence of a time-independent electric potential, the inverse problem of determining the magnetic
field dαA and the electric potential q from boundary observations was first considered by Sun [24], in the
case n ě 3. He showed that dαA and q can be uniquely determined when A P W 2,8, q P L8 and dαA is
small in the L8 norm. In [9], Benjoud studied the inverse problem of recovering the magnetic field dαA and
the electric potential q from the knowledge of the Dirichlet-to-Neumann map. Assuming that the potentials
are known in a neighborhood of the boundary, she proved a stability estimate with respect to arbitrary partial
boundary observations.
In the Riemannian case, Bellassoued [2] proved recently a Hölder-type stability estimate in the recovery
of the magnetic field dαA and the time-independent electric potential q from the knowledge of the Dirichlet-
to-Neumann map associated to the Shrödinger equation with zero initial data. In the absence of the magnetic
potential A, the problem of recovering the electric potential q on a compact Riemannian manifold was solved
by Bellassoued and Dos Santos Ferreira [7].
In recent years significant progress have been made in the recovery of time-dependent and time-independent
coefficients appearing in hyperbolic equations, see for instance [6, 13, 23]. We also refer to the work of Bel-
lassoued and Benjoud [4] in which they prove that the Dirichlet-to-Neumann map determines uniquely the
magnetic field in a magnetic wave equation. In [22], Eskin proved that the Dirichlet-to-Neumann map
uniquely determines coefficients depending analytically on the time variable. In [18], Stefanov proved that
the time-dependent potential q appearing in the wave equation is uniquely determined from the knowledge
of scattering data. In [14], Ramm and Sjöstrand proved a uniqueness result in recovering the time-dependent
potential q from the Dirichlet-to-Neumann map, on the infinite time-space cylindrical domain Rt ˆ Ω. As
for stability results, we refer to Salazar [15], Waters [27], Ben Aïcha [8] and Kian [20].
The problem of determining time-dependent electromagnetic potentials appearing in a Schrödinger equa-
tion was treated by Eskin [21]. Using a geometric optics construction, he prove the uniqueness for this
problem in domains with obstacles. In unbounded domains and in the absence of the magnetic potential,
Choulli , Kian and Soccorsi [10] treated the problem of recovering the time-dependent scalar potential q ap-
pearing in the Schrödinger equation from boundary observations. Assuming that the domain is a 1-periodic
cylindrical waveguide, they proved logarithmic stability for this problem.
In the present paper, we address the uniqueness and the stability issues in the inverse problem of recov-
ering the magnetic field dαA and the time-dependent potential q in the dynamical Schrödinger equation,
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from the knowledge of the operator ΛA,q. By means of techniques used in [2, 9], we prove a "log-type"
stability estimate in the recovery of the magnetic field and a "log-log-log-type" stability inequality in the
determination of the time-dependent electric potential.
From a physical view point, our inverse problem consists in determining the magnetic field dαA induced
by the magnetic potential A, and the electric potential q of an inhomogeneous medium by probing it with
disturbances generated on the boundary. Here we assume that the medium is quiet initially and f denotes the
disturbance used to probe the medium. Our data are the response pBν ` iA.νqu performed on the boundary
Σ, and the measurement up., T q, for different choices of f and for all possible initial data u0.
1.2. Well-posedness of the magnetic Schrödinger equation and main results. In order to state our main
results, we need the following existence and uniqueness result. To this end, we introduce the following
Sobolev space
H2,1pΣq “ H2p0, T ;L2pΓqq X L2p0, T ;H1pΓqq,
equipped with the norm
}f}H2,1pΣq “ }f}H2p0,T ;L2pΓqq ` }f}L2p0,T ;H1pΓqq,
and we set
H
2,1
0 pΣq “ tf P H
2,1pΣq, fp., 0q “ Btfp., 0q “ 0u.
Then we have the following theorem.
Theorem 1.1. Let T ą 0 and let q P W 1,8pQq, A P C1pΩq and u0 P H10 pΩq X H2pΩq. Suppose that
f P H2,10 pΣq. Then, there exists a unique solution u P Cp0, T ;H1pΩqq of the Shrödinger equation (1.1).
Furthermore, we have Bνu P L2pΣq and there exists a constant C ą 0 such that
}up., tq}H1pΩq ` }Bνu}L2pΣq ď C
`
}u0}H2pΩq ` }f}H2,1pΣq
˘
.
As a corollary, the Dirichlet-to-Neumann mapΛA,q is bounded fromH2pΩqˆH2,1pΣq toH1pΩqˆL2pΣq.
The proof of Theorem1.1 is given in Appendix A.
In order to express the main results of this article, we first define the following admissible sets of unknown
coefficients A and q: for ε ą 0, M ą 0, we set
Aε “ tA P C
3pΩq, }A}W 3,8pΩq ď ε, A1 “ A2 inΓu,
QM “ tq P X “W
2,8p0, T ;W 1,8pΩqq, }q}X ďM, q1 “ q2 inΓu.
Our first main result claims stable determination of the magnetic field dαA, from full boundary measurement
ΛA,q on the cylindrical domain Q.
Theorem 1.2. Let α ą n
2
` 1. Let qi P QM , Ai P Aε, such that }Ai}HαpΩq ďM , for i “ 1, 2. Then, there
exist three constants C ą 0 and µ, s P p0, 1q, such that we have
}dαA1 ´ dαA2}L8pΩq ď C
´
}ΛA2,q2 ´ ΛA1,q1}
1{2 ` | log }ΛA2,q2 ´ ΛA1,q1}|
´µ
¯s
.
Here C depends only on Ω, ε, M and T .
Next, assuming that the magnetic potential A is divergence free, we can stably retrieve the electric poten-
tial.
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Theorem 1.3. Let qi P QM ,Ai P Aε, for i “ 1, 2. Assume that div Ai “ 0. Then there exist three constants
C ą 0, and m,µ P p0, 1q, such that we have
}q1 ´ q2}H´1pQq ď CΦmp}ΛA2,q2 ´ ΛA1,q1}q,
where
Φmp}ΛA2,q2 ´ ΛA1,q1}q “
$’&’%
| log | log | log }ΛA2,q2 ´ ΛA1,q1}|
µ| |´1 if }ΛA2,q2 ´ ΛA1,q1} ă m,
1
m
}ΛA2,q2 ´ ΛA1,q1} if }ΛA2,q2 ´ ΛA1,q1} ě m.
Here C depends on Ω, M , ε and T .
The text is organized as follows. Section 2 is devoted to the construction of special geometrical optics
solutions to the Shrödinger equation (1.1). Using these particular solutions, we establish in sections 3 and
4, two stability estimates for the magnetic field and the electric potential. In Appendix A, we develop the
proof of Theorem1.1. Appendix B contains the proof of several technical results used in the derivation of
the main results.
2. PRELIMINARIES AND GEOMETRICAL OPTICS SOLUTIONS
The present section is devoted to the construction of suitable geometrical optics solutions, which are key
ingredients in the proof of our main results. We start by collecting several known lemmas from [17, 19].
2.1. Preliminaries. Let ω “ ωℜ ` iωℑ be a vector with ωℜ, ωℑ P Sn´1, and ωℜ ¨ ωℑ “ 0. We shall see
that the differential operator Nω “ ω ¨∇ is invertible and we have
N´1ω pgqpxq “
1
p2piqn
ż
Rn
e´ix¨ξ
ˆ
gˆpξq
ω ¨ ξ
˙
dξ “
1
2pi
ż
R2
1
y1 ` iy2
gpx´ y1ωℜ ´ y2ωℑq dy1 dy2.
Notice that the differential operator B corresponds to Nω with ω “ p0, 1q.
Lemma 2.1. Let r ą 0, k ą 0 and let g P W k,8pRnq be such that Supp g Ď Bp0, rq “ tx P Rn, |x| ď ru.
Then the function φ “ N´1ω pgq PW k,8pRnq solves Nωpφq “ g, and satisfies the estimate
}φ}W k,8pRnq ď C }g}W k,8pRnq,
where C is a positive constant depending only on r.
We recall from [16], the following technical result.
Lemma 2.2. Let A P CcpRnq, ξ P Rn, and ω “ ωℜ ` iωℑ with ωℜ, ωℑ P Sn´1 and ωℜ ¨ ωℑ “ ωℜ ¨ ξ “
ωℑ ¨ ξ “ 0. Then we have the following identityż
Rn
ω ¨ ApxqeiN
´1
ω p´ω¨Aqpxqeiξ¨x dx “
ż
Rn
ω ¨Apxqeiξ¨xdx.
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2.2. Geometrical optics solutions. In this section, we build special solutions to the magnetic Schrödinger
equation (1.1), inspired by techniques used in elliptic problems. For this purpose, we consider a vector
ω “ ωℜ ` i ωℑ, such that ωℜ, ωℑ P Sn´1 and ωℜ . ωℑ “ 0. For σ ą 1, we define the complex variable ρ as
follows
(2.3) ρ “ σω ` y,
where y P Bp0, 1q is fixed and independent of σ. In what follows, P pDq denotes a differential operator with
constant coefficients:
P pDq “
ÿ
|α|ďm
aαD
α, D “ ´ipBt, Bxq.
We associate to the operator P pDq its symbol ppξ, τq defined by
ppξ, τq “
ÿ
|α|ďm
aαpξ, τq
α, pξ, τq P Rn`1.
Moreover, we set
rppξ, τq “
¨˝ÿ
βPN
ÿ
αPNn
|Bβτ B
α
ξ ppξ, τq|
2‚˛12 , pξ, τq P Rn`1,
and introduce the operators
∆ρ “ ∆´ 2iρ ¨∇ and ∇ρ “ ∇´ iρ.
We turn now to building particular solutions to the magnetic Shrödinger equation. We proceed with a
succession of lemmas. The first result is inspired by Hörmander [11] (see Appendix B).
Lemma 2.3. Let P ‰ 0 be an operator. There exists a linear operator E P LpL2p0, T ;H1pΩqqq, such that:
P pDqEf “ f, for any f P L2p0, T ;H1pΩqq.
Moreover, for any linear operator S with constant coefficients such that |Spξ, τq|
p˜pξ, τq
is bounded in Rn`1, we
have the following estimate
(2.4) }SpDqEf}L2p0,T ;H1pΩqq ď C sup
Rn`1
|Spξ, τq|
p˜pξ, τq
}f}L2p0,T ;H1pΩqq.
Here C depends only on the degree of P , Ω and T .
Lemma 2.4. There exists a bounded operator Eρ : L2p0, T ;H1pΩqq ÝÑ L2p0, T ;H2pΩqq such that
PρpDqEρf “ piBt `∆ρqEρf “ f for any f P L2p0, T ;H1pΩqq.
Moreover, there exists a constant CpΩ, T q ą 0 such that
(2.5) }Eρf}L2p0,T ;HkpΩqq ď
C
σ2´k
}f}L2p0,T ;H1pΩqq, k “ 1, 2.
Proof. From Lemma 2.3, we deduce the existence of a linear operator Eρ P L
´
L2p0, T ;H1pΩqq
¯
such that
PρpDqEρf “ f . Moreover, since | rpρpξ, τq| ą σ, we get from (2.4)
(2.6) }Eρf}L2p0,T ;H1pΩqq ď
C
σ
}f}L2p0,T ;H1pΩqq.
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Similarly, since |ξ|rpρpξ, τq is bounded on Rn`1, we get
}∇Eρf}L2p0,T ;H1pΩqq ď C}f}L2p0,T ;H1pΩqq.
From this and (2.6) we see that Eρ is bounded from L2p0, T ;H1pΩqq into L2p0, T ;H2pΩqq. 
Let us now deduce the coming statementfrom the above lemma.
Lemma 2.5. There exists ε ą 0 such that for all A P W 1,8pΩq obeying }A}W 1,8pΩq ď ε, we may build a
bounded operator Fρ : L2p0, T ;H1pΩqq ÝÑ L2p0, T ;H2pΩqq such that:
(2.7) `iBt `∆ρ ` 2iA ¨∇˘Fρf “ f, for any f P L2p0, T ;H1pΩqq.
Moreover, there exists a constant CpΩ, T q ą 0 such that
(2.8) }Fρf}L2p0,T ;HkpΩqq ď
C
σ2´k
}f}L2p0,T ;H1pΩqq, k “ 1, 2.
Proof. Let f P L2p0, T ;H1pΩqq. We start by introducing the following operator
Sρ : L
2p0, T ;H2pΩqq ÝÑ L2p0, T ;H2pΩqq
g ÞÝÑ Eρp´2iA ¨∇g ` fq.
Since }A}W 1,8pΩq ď ε, we deduce from (2.5) with k “ 2 that
}Sρphq ´ Sρpgq}L2p0,T ;H2pΩqq ď Cε}h´ g}L2p0,T ;H2pΩqq,(2.9)
for any h, g P L2p0, T ;H2pΩqq. Thus, Sρ is a contraction from L2p0, T ;H2pΩqq into L2p0, T ;H2pΩqq for
ε small enough. Then, Sρ admits a unique fixed point g P L2p0, T ;H2pΩqq. Put Fρf “ g. It is clear that
Fρf is a solution to (2.7). Then, taking into account the identity SρFρf “ Eρp´2iA ¨∇Fρf ` fq and the
estimate (2.9), we get
}Fρf}L2p0,T ;H2pΩqq “ }SρFρf ´ Sρp0q}L2p0,T ;H2pΩqq ` }Sρp0q}L2p0,T ;H2pΩqq
ď Cε}Fρf}L2p0,T ;H2pΩqq ` }Eρf}L2p0,T ;H2pΩqq.
From this and (2.5) with k “ 2, we end up getting for ε small enough
(2.10) }Fρf}L2p0,T ;H2pΩqq ď C}f}L2p0,T ;H1pΩqq.
This being said, it remains to show (2.8) for k “ 1. To see this, we notice from (2.5) with k “ 1 that
}Fρf}L2p0,T ;H1pΩqq ď }Eρp´2iA ¨∇Fρf ` fq}L2p0,T ;H1pΩqq
ď
C
σ
`
ε}Fρf}L2p0,T ;H2pΩqq ` }f}L2p0,T ;H1pΩqq
˘
.
Then the estimate (2.8) for k “ 1 follows readily from this and (2.10).

Lemma 2.6. There exists ε ą 0 such that for all A P W 1,8pΩq obeying }A}W 1,8pΩq ď ε, we may build a
bounded operator Gρ : L2p0, T ;H1pΩqq ÝÑ L2p0, T ;H2pΩqq such that:
(2.11) `iBt `∆ρ ` 2iA ¨∇ρ˘Gρf “ f for any f P L2p0, T ;H1pΩqq.
Moreover, there exists a constant CpΩ, T q ą 0 such that
(2.12) }Gρf}L2p0,T ;HkpΩqq ď
C
σ2´k
}f}L2p0,T ;H1pΩqq, k “ 1, 2.
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Proof. Let f P L2p0, T ;H1pΩqq. We introduce the following operator
Rρ : L
2p0, T ;H1pΩqq ÝÑ L2p0, T ;H1pΩqq
g ÞÝÑ Fρp´2ρ ¨ Ag ` fq
From (2.3), we see that |ρ| ă 3σ. Thus, arguing as in the proof of Lemma 2.5, we prove the existence of a
unique solution Gρf “ g to the equation (2.11). Moreover there exists a positive constants C ą 0 such that
we have
(2.13) }u}L2p0,T,H1pΩqq ď
C
σ
}f}L2p0,T ;H1pΩqq.
Further, combining the definition of Rρ with (2.7) we deduce (2.12) for k “ 2. 
Armed with lemma 2.6, we are now in position to establish the main result of this section, which can be
stated as follows
Lemma 2.7. Let M ą 0, ε ą 0, ω P Sn´1 and A P Aε satisfy }A}W 1,8pΩq ď ε. Put φ “ N´1ω p´ω.Aq.
Then, for all σ ě σ0 ą 0 the magnetic Schrödinger equation
(2.14) piBt `∆A ` qpx, tqqupx, tq “ 0, in Q
admits a solution u P H2p0, T ;H1pΩqq X L2p0, T ;H2pΩqq, of the form
(2.15) upx, tq “ e´i
`
pρ¨ρqt`x¨ρ
˘`
eiφpxq ` wpx, tq
˘
,
in such a way that
(2.16) ω ¨∇φpxq “ ´ω ¨Apxq, x P Rn.
Moreover, w P H2p0, T ;H1pΩqq X L2p0, T ;H2pΩqq satisfies
(2.17) σ}w}H2p0,T ;H1pΩqq ` }w}L2p0,T ;H2pΩqq ď C,
where the constants C and σ0 depend only on Ω, T and M.
Here we extended A by zero outside Ω.
Proof. To prove our lemma, it is enough to show that w P H2p0, T ;H1pΩqq X L2p0, T ;H2pΩqq satisfies
the estimate (2.17). Substituting (2.15) into the equation (2.14), one gets´
iBt `∆ρ ` 2iApxq ¨∇ρ ` hpx, tq
¯
wpx, tq “ ´eiφpxq
´
i∆φpxq ´ |∇φpxq|2 ` 2σω ¨∇φpxq ` 2σω ¨Apxq
`2y ¨∇φpxq ` 2Apxq ¨ y ´ 2Apxq ¨∇φpxq ` hpx, tq
¯
,
where hpx, tq “ idivApxq ´ |Apxq|2 ` qpx, tq. Equating coefficients of power of |σ| to zero, we get
ω ¨∇φpxq “ ´ω ¨Apxq for all x P Rn. Then w solves the following equation
(2.18) piBt `∆ρ ` 2iApxq ¨∇ρ ` hpx, tqqwpx, tq “ Lpx, tq,
where
(2.19) Lpx, tq “ ´eiφpxq`i∆φpxq ´ |∇φpxq|2 ` 2y ¨∇φpxq ` 2Apxq ¨ y ´ 2A ¨∇φpxq ` hpx, tq˘.
In light of (2.18), we introduce the following map
Uρ : L
2p0, T ;H1pΩqq ÝÑ L2p0, T ;H1pΩqq,
w ÞÝÑ Gρp´w h` Lq.
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Applying (2.12) with k “ 1 and f “ h pw ´ w˜q, we get for all w, w˜ P L2p0, T ;H1pΩqq that
}Uρpwq ´ Uρpw˜q}L2p0,T ;H1pΩqq “ }Gρph pw ´ w˜qq}L2p0,T ;H1pΩqq
ď
C
σ
}h}X }w ´ w˜}L2p0,T ;H1pΩqq.
Taking σ0 sufficiently large so that σ0 ą 2C}h}X , then, for each σ ą σ0, Uρ admits a unique fixed point
w P L2p0, T ;H1pΩqq such that Uρpwq “ w. Again, applying (2.12) with k “ 1 and f “ ´hw ` L, one
gets
}w}L2p0,T ;H1pΩqq “ }Gρp´hw ` Lq}L2p0,T ;H1pΩqq
ď
1
2
}w}L2p0,T ;H1pΩq `
C
σ
}L}L2p0,T ;H1pΩqq.
Therefore, in view of Lemma 2.1 and (2.19), we get
(2.20) }w}L2p0,T ;H1pΩqq ď
C
σ
.
Next, differentiating the equation (2.18) twice with respect to t, taking into account that }h}X is uniformly
bounded with respect to σ, and proceeding as before, we show that
(2.21) }Bkt w}L2p0,T ;H1pΩqq ď
C
σ
, k “ 1, 2.
Finally, from (2.20) and Lemma 2.1, we obtain
}w}L2p0,T ;H2pΩqq ď C} ´ wh` L}L2p0,T ;H1pΩqq
ď C
´C
σ
}h}X ` C
¯
ď C,(2.22)
by applying (2.12) with k “ 2 and f “ ´wh ` L. Thus, we get the desired result by combining (2.20)-
(2.22).

3. STABILITY ESTIMATE FOR THE MAGNETIC FIELD
In this section, we prove Theorem1.2 by means of the geometrical optics solutions
(3.23) ujpx, tq “ e´i
`
pρj ¨ρjqt`x¨ρj
˘´
eiφjpxq ` wjpx, tq
¯
, j “ 1, 2,
associated Aj and qj . Here we choose ρj “ σωj and we recall that the correction term wj satisfies (2.17)
and that φjpxq “ N´1ω˚j p´ω
˚
j .Ajq solves the transport equation
ω˚j .∇φjpxq “ ´ω
˚
j .Apxq, x P R
n.
Let us specify the choice of ρj : we consider ξ P Rn and ω “ ωℜ ` iωℑ with ωℜ, ωℑ P Sn´1 and
ωℜ.ωℑ “ ξ.ωℜ “ ξ.ωℑ “ 0. for each σ ą |ξ|{2, we denote
(3.24) ρ1 “ σ
˜
iωℑ `
˜
´
ξ
2σ
`
c
1´
|ξ|2
4σ2
ωℜ
¸¸
“ σω˚1 ,
(3.25) ρ2 “ σ
˜
´iωℑ `
˜
ξ
2σ
`
c
1´
|ξ|2
4σ2
ωℜ
¸¸
“ σω˚2 .
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Notice that ρj .ρj “ 0. In this section, we aim for recovering the magnetic field dαA from the boundary
operator
ΛA,q : L
2pΩq ˆH2,1pΣq ÝÑ H1pΩq ˆ L2pΣq
g “ pu0, fq ÞÝÑ
´
up., T q, pBν ` iA ¨ νqu
¯
.
We denote by
Λ1A,q “ up., T q, Λ
2
A,q “ pBν ` iA ¨ νqu.
We first establish an orthogonality identity for the magnetic potential A “ A1 ´A2.
3.1. A basic identity for the magnetic potential. In this section, we derive an identity relating the mag-
netic potential A to the solutions uj . We start by the following result.
Lemma 3.1. Let ε ą 0, Aj P Aε and uj be the solutions given by (3.23) j “ 1, 2. Then, for all ξ P Rn and
σ ą maxpσ0, |ξ|{2q, we haveż
Q
iApxq ¨
`
u1∇u2 ´ u2∇u1
˘
dx dt “
ż
Q
Apxq ¨ pρ2 ` ρ1qe
´ix¨ξeipφ2´φ1qpxq ` Ipξ, σq,
where the remaining term Ipξ, σq is uniformly bounded with respect to σ and ξ.
Proof. In light of (3.23), we have by direct computation
u1∇u2 ´ u2∇u1 “ e
´ix¨pρ2´ρ1q
”
´ iρ2e
ipφ2´φ1q ´ iρ1e
ipφ2´φ1q
`i∇φ2e
ipφ2´φ1q ` i∇φ1e
ipφ2´φ1q ´ iρ2w2e
´iφ1 ´ iρ1w1e
iφ2
`∇w2e
´iφ1 ´∇w1e
iφ2 ´ iρ2w1e
iφ2 ´ iρ1w2e
´iφ1 ` i∇φ2w1e
iφ2
`iw2∇φ1e
´iφ1 ´ iρ2w2w1 ´ iρ1w1w2 `∇w2w1 ´∇w1w2
ı
.
Therefore, as we have ρ2 ´ ρ1 “ ξ, this yields thatż
Q
iApxq ¨ pu1∇u2 ´ u2∇u1q dx dt “
ż
Q
Apxq ¨ pρ2 ` ρ1qe
´ix.ξeipφ2´φ1q dx dt` Ipξ, σq,
where Ipξ, σq “
ż
Q
iApxq ¨
´
ψ1px, tq ` ψ2px, tq
¯
dx dt, and ψ1, ψ2 stand for
ψ1 “ ´ipρ2 ` ρ1q
´
w2e
´iφ1 ` w1e
iφ2 ` w2w1
¯
,
ψ2 “ e
iφ2
`
i∇φ2w1 ´∇w1
˘
` e´iφ1
`
∇w2 ` i∇φ1w2
˘
`∇w2w1 ´∇w1w2 ` i
`
∇φ2 `∇φ1
˘
eipφ2´φ1q.
In view of bounding |Ipξ, σq| uniformly with respect to ξ and σ, we use the fact that A is extended by zero
outside Ω and use Lemma 2.1 to get
}φj}L8pΩq ď C}Aj}L8pRnq ď Cε, j “ 1, 2.
Recalling (2.16) and (2.17) and applying Lemma 2.1, we get
(3.26) }ψj}L1pQq ď C
ˆ
C `
1
σ
˙
ď C, j “ 1, 2,
which yields the desired result. 
With the help of the above lemma we may now derive the following orthogonality identity for the magnetic
potential.
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Lemma 3.2. Let ξ P Rn and σ ą maxpσ0, |ξ|{2q. Then, we have the following identityż
Q
Apxq¨ pρ2 ` ρ1qe
´ix¨ξeipφ2´φ1q dx dt “ 2σT
ż
Ω
ω ¨Apxqe´ix¨ξ dx` Jpξ, σq,
with |Jpξ, σq| ď C|ξ|, where C is independent of σ and ξ.
Proof. In view of (3.24) and (3.25), we haveż
Q
Apxq¨pρ2 ` ρ1qe
´ix¨ξeipφ2´φ1q dx dt “ 2σ
ż
Q
ω ¨Apxqe´ix¨ξeipφ2´φ1q dx dt
´2σ
ˆ
1´
b
1´ |ξ|2{4σ2
˙ż
Q
ωℜ ¨Apxqe
´ix¨ξeipφ2´φ1q dx dt,(3.27)
where we recall that
φ1 “ N
´1
ω˚
1
p´ω˚1 ¨ A1q, φ2 “ N
´1
ω˚
2
p´ω˚2 ¨ A2q.
Set Ψ1 “ N´1ω p´ω ¨A1q and Ψ2 “ N
´1
ω p´ω ¨ A2q in such away that we have
Ψ2 ´Ψ1 “ N
´1
ω p´p´ω ¨ Aqq “ ´N
´1
ω p´ω ¨Aq.
Then, we infer from (3.27) thatż
Q
Apxq ¨ pρ2 ` ρ1qe
´ix¨ξeipφ2´φ1qdxdt “ J1pξ, σq ` J2pξ, σq ` J3pξ, σq,
where we have set
J1pξ, σq “ 2σ
ż
Q
ω ¨ Apxqe´ix¨ξeipΨ2´Ψ1q dx dt,
J2pξ, σq “ ´2σ
ż
Q
ω ¨Apxqe´ix¨ξ
´
eipΨ2´Ψ1q ´ eipφ2´φ1q
¯
dx dt,
and
J3pξ, σq “ ´2σ
ˆ
1´
b
1´ |ξ|2{4σ2
˙ż
Q
ωℜ ¨ Apxqe
´ix¨ξeipφ2´φ1q dx dt.
Using Lemma 2.2, one can see that
J1pξ, σq “ 2σT
ż
Ω
ω ¨ ApxqeiN
´1
ω p´ω¨p´Aqqe´ix¨ξ dx
“ 2σT
ż
Ω
ω ¨ Apxqe´ix¨ξ dx dt.
Now it remains to upper bound the absolute value of J :“ J2 ` J3. We start by inserting eipΨ2´φ1q into
J2pξ, σq, getting
J2pξ, σq “ ´2σT
ż
Ω
ω ¨Apxqe´ix¨ξ
´
eiΨ2
´
e´iΨ1 ´ e´iφ1
¯
` e´iφ1
´
eiΨ2 ´ eiφ2
¯¯
dx.
Further, asN´1ω p´ω ¨Aq depends continuously on ω, according to Lemma 2.4 in [25], we get for all |ξ| ď 2σ
|J2pξ, σq| ď CTσ
`
|ω ´ ω˚1 | ` |ω ´ ω
˚
2 |
˘
.
Hence, as 1 ´
a
1´ |ξ|2{4σ2 ď |ξ|2{4σ2 for all |ξ| ď 2σ, we deduce from (3.24), (3.25) and the above
inequality that
|J2pξ, σq| ď CT
ˆ
σ
|ξ|2
4σ2
` |ξ|
˙
ď CT |ξ|.
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Arguing in the same way, we find that |J3pξ, σq| ď CT |ξ|, for some positive constant CT which is indepen-
dent of ξ and σ. 
3.2. Estimating the Fourier transform of the magnetic field. We aim to relate the Fourier transform of
the magnetic field dαA1´dαA2 to the measurement ΛA1,q1´ΛA2,q2. To this end, we introduce the following
notation: we put
akpxq “ pA1 ´A2qpxq ¨ ek “ Apxq ¨ ek,
where pekqk is the canonical basis of Rn, and
(3.28) σj,kpxq “ Bak
Bxj
pxq ´
Baj
Bxk
pxq, j, k “ 1, ..., n.
We recall that the Green formula for the magnetic Laplacian
(3.29)
ż
Ω
p∆Auv ´ u∆Avq dx “ ´
ż
Γ
´
pBν ` iν.Aquv ´ upBν ` iA.νqv
¯
dσx,
holds for any u, v P H1pΩq such that ∆u, ∆v P L2pΩq. Here dσx is the Euclidean surface measure on Γ.
We estimate the Fourier transform of σj,k as follows.
Lemma 3.3. Let ξ P Rn and σ ą maxpσ0, |ξ|{2q, where σ0 is as in Lemma 2.7. Then we have
ă ξ ą´1 |pσj,kpξq| ď C ˆeCσ}ΛA2,q2 ´ ΛA1,q1} ` 1σ ` |ξ||σ|
˙
,
where C is independent of ξ and σ.
Proof. First, for σ ą σ0, Lemma 2.7 guarantees the existence of a geometrical optic solution u2, of the form
u2px, tq “ e
´ix.ρ2peiφ2pxq ` w2px, tqq
to the magnetic Schrödinger equation
(3.30)
"
piBt `∆A2 ` q2px, tqqu2px, tq “ 0, in Q,
u2px, 0q “ u0, in Ω,
where ρ2 is given by (3.25). Let us denote by fσ :“ u2|Σ. We consider a solution v to the following non
homogeneous boundary value problem
(3.31)
$&% piBt `∆A1 ` q1px, tqqv “ 0, in Q,vp., 0q “ u2p., 0q “ u0, in Ω,
v “ u2 “ fσ, onΣ.
Then, u “ v ´ u2 is a solution to the following homogenous boundary value problem for the magnetic
Schrödinger equation$&% piBt `∆A1 ` q1px, tqqu “ 2iA ¨∇u2 ` hpx, tqu2, inQ,upx, 0q “ 0, inΩ,
upx, tq “ 0, onΣ,
where
A “ A1 ´A2, q “ q1 ´ q2 and h “ i divA´ p|A1|2 ´ |A2|2q ` q.
On the other hand, with reference to Lemma 2.7 we consider a solution u1 to the magnetic Shrödinger
equation (2.14), associated with the potentials A1 and q1, of the form
u1px, tq “ e
´ix.ρ1peiφ1pxq ` w1px, tqq,
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where ρ1 is given by (3.24). Integrating by parts in the following integral, and using the Green Formula
(3.29), we getż
Q
piBt `∆A1 ` q1quu1dxdt “
ż
Q
2iA ¨∇u2u1dxdt`
ż
Q
´
idivA´ p|A1|2 ´ |A2|2q ` q
¯
u2u1dxdt
“ i
ż
Ω
up., T qu1p., T q dx´
ż
Σ
pBν ` iA1.νquu1 dσx dt.(3.32)
This entails thatż
Q
2iA ¨∇u2u1dx dt “ ´ i
ż
Ω
pΛ1A2,q2 ´ Λ
1
A1,q1
qpgqu1p., T q dx `
ż
Σ
pΛ2A2,q2 ´ Λ
2
A1,q1
qpgqu1 dσx dt
´
ż
Q
´
idivA´ p|A1|2 ´ |A2|2q ` q
¯
u2u1dxdt,
where g “ pu2|t“0, u2|Σq. Upon applying the Stokes formula and using the fact that A|Γ “ 0, we getż
Q
iA¨
`
u1∇u2 ´ u2∇u1
˘
dxdt“´i
ż
Ω`
Λ1A2,q2´Λ
1
A1,q1
˘
pgqu1p., T q dx `
ż
Σ`
Λ2A2,q2´Λ
2
A1,q1
˘
pgqu1dσxdt
`
ż
Q
´
|A1|
2 ´ |A2|
2 ` q
¯
u2u1 dx dt.(3.33)
This, Lemma 3.1 and Lemma 3.2, yieldˇˇˇ ż
Ω
ω.Apxqe´ix.ξ dx
ˇˇˇ
ď
CT
σ
´
}ΛA2,q2 ´ ΛA1,q1} }g}H2pΩqˆH2,1pΣq}φ}L2pΣqˆL2pΩq ` C ` |ξ|
¯
,
where φ “ pu1|Σ, u1t“T q. Here we used the fact that }u2u1}L1pQq ď CT , for σ sufficiently large. Hence,
bearing in mind that
}g}H2pΩqˆH2,1pΣq ď Ce
Cσ, and }φ}L2pΣqˆL2pΩq ď CeCσ,
we get for σ ą |ξ|{2,
(3.34)
ˇˇˇ ż
Ω
ω ¨ Apxqe´ix¨ξ dx
ˇˇˇ
ď C
ˆ
eCσ}ΛA2,q2 ´ ΛA1,q1} `
1
σ
`
|ξ|
σ
˙
.
Arguing as in the derivation of (3.34), we prove by replacing ω by ´ω, that
(3.35)
ˇˇˇ ż
Ω
´ω ¨ Apxqe´ix¨ξ dx
ˇˇˇ
ď C
ˆ
eCσ}ΛA2,q2 ´ ΛA1,q1} `
1
σ
`
|ξ|
σ
˙
.
Thus, choosing ωℑ “
ξjek´ξkej
|ξjek´ξkej |
, multiplying (3.34) and (3.35) by |ξjek ´ ξkej |, and adding the obtained
inequalities together, we find thatˇˇˇ ż
Ω
e´ix¨ξ pξj a˜kpxq ´ ξka˜jpxqq dx| ď C |ξjek ´ ejξk|
ˆ
eCσ}ΛA2,q2 ´ ΛA1,q1} `
1
σ
`
|ξ|
σ
˙
.
From this and (3.28) we deduce that
|pσj,kpξq| ď C ă ξ ą ˆeCσ}ΛA2,q2 ´ ΛA1,q1} ` 1σ ` |ξ|σ
˙
, j, k P N.
This ends the proof. 
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3.3. Stability estimate. Armed with Lemma 3.3, we are now in position to complete the proof of the
stability estimate for the magnetic field. To do so, we first need to bound theH´1pRnq norm of dαA1´dαA2 .
In light of the above reasoning , this can be achieved by taking σ ą R ą 0 and decomposing the H´1pRnq
norm of σj,k as
}σj,k}
2
H´1pRnq “
ż
|ξ|ďR
|pσj,kpξq|2 ă ξ ą´2 dξ ` ż
|ξ|ąR
|pσj,kpξq|2 ă ξ ą´2 dξ.
Then, we have
}σj,k}
2
H´1pRnq ď C
”
Rn} ă ξ ą´1 pσj,k}2L8pBp0,Rqq ` 1R2 }σj,k}2L2pRnqı,
which entails that
}σj,k}
2
H´1pRnq ď C
”
Rn
ˆ
eCσ}ΛA2,q2 ´ ΛA1,q1}
2 `
1
σ2
`
R2
σ2
˙
`
1
R2
ı
,
by Lemma 3.3. The next step is to choose R ą 0 in such away Rn`2
σ2
“ 1
R2
. In this case we get for
σ ą maxpσ0, |ξ|{2q, that
}σj,k}
2
H´1pRnq ď C
´
σ
2n
n`4 eCσ}ΛA2,q2 ´ ΛA1,q1}
2 ` σ
´4
n`4
¯
ď C
ˆ
eC0σ}ΛA2,q2 ´ ΛA1,q1}
2 `
1
σµ
˙
,(3.36)
where µ P p0, 1q. Thus, assuming that }ΛA2,q2 ´ ΛA1,q1} ď c “ e´C0 maxpσ0,|ξ|{2q, and taking σ “
1
C0
| log }ΛA2,q2 ´ ΛA1,q1}| in (3.36), we get that
}σj,k}H´1pRnq ď C
´
}ΛA2,q2 ´ ΛA1,q1}
1{2 ` | log }ΛA2,q2 ´ ΛA1,q1}|
´µ1
¯
,
for some positive µ1 P p0, 1q. Since the above estimate remains true when }ΛA2,q2 ´ λA1,q1} ě c, as we
have
}σj,k}H´1pRnq ď
2M
c1{2
c1{2 ď
2M
c1{2
}ΛA2,q2 ´ ΛA1,q1}
1{2,
we have obtained that
}dαA1 ´ dαA2}H´1pΩq ď C
´
}ΛA2,q2 ´ ΛA1,q1}
1{2 ` | log }ΛA2,q2 ´ ΛA1,q1}|
´µ1
¯
.
In order to complete the proof of the theorem, we consider δ ą 0 such that α :“ s ´ 1 “ n
2
` 2δ, use
Sobolev’s embedding theorem and we find
}dαA1 ´ dαA2}L8pΩq ď C}dαA1 ´ dαA2}H
n
2
`δpΩq
ď C}dαA1 ´ dαA2}
1´β
H´1pΩq
}dαA1 ´ dαA2}
β
Hs´1pΩq
ď C
`
}ΛA2,q2 ´ ΛA1,q1}
1{2 ` | log }ΛA2,q2 ´ ΛA1,q1}|
´µ
˘1´β
,
by interpolating with β P p0, 1q. This completes the proof of Theorem 1.2.
This theorem is a key ingredient in the proof of the result of the next section.
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4. STABILITY RESULT FOR THE ELECTRIC POTENTIAL
This section contains the proof of Theorem 1.3. Using the geometric optics solutions constructed in
Section2, we will prove with the aid of the stability estimate obtained for the magnetic field, that the time-
dependent electric potential depends stably on the Dirichlet-to-Neuamnn map ΛA,q.
To do this, we should normally apply the Hodge decomposition to A “ A1´A2 “ A1`∇ϕ and use this
estimate
(4.37) }A1}W 1,ppΩq ď C}curlA1}LppΩq.
that holds for any p ą n (see Appendix B). But in this paper, since u0 is not frozen to zero, we don’t have
invariance under Gauge transformation, so will further assume that A is divergence free in such a way that
the estimate (4.37) holds for A1 “ A.
For a fixed y P Bp0, 1q, we consider solutions uj to the Schrödinger equation of the form (3.23) with
ρj “ σω
˚
j ` y, where ξ P Rn and ω P Sn´1 are as in Section 3, and w˚j , j “ 1, 2, are given by (3.24) and
(3.25).
In contrast to Section 3, y is no longer equal to zero, as we need to estimate the Fourier transform of q
with respect to x and t.
4.1. An identity for the electric potential. Let us first establish the following identity for the electric
potential.
Lemma 4.1. Let uj be the solutions given by (3.23) for j “ 1, 2. For all σ ě σ0 and ξ P Rn such that
|ξ| ă 2σ, we have the following identityż
Q
qpx, tqu2u1 dx dt “
ż
Q
qpx, tqe´ip2y.ξt`x.ξq dx dt` P1pξ, y, σq ` P2pξ, y, σq,
where P1pξ, y, σq and P2pξ, y, σq satisfy the estimates
|P1pξ, y, σq| ď C
ˆ
}A}L8pΩq `
|ξ|
σ
˙
, |P2pξ, y, σq| ď
C
σ
.
Here σ0 is as in Lemma 2.7 and C is independent of σ, y, and ξ.
Proof. In light of (3.24), (3.25) and (3.23), a direct calculation gives us
u2u1 “ e
´i
´
pρ2.ρ2´ρ1.ρ1qt`x.pρ2´ρ1q
¯´
eipφ2´φ1q ` e´iφ1w2 ` e
iφ2w1 ` w2w1
¯
“ e´ip2y.ξt`x.ξqe´ipφ1´φ2q ` e´ip2y.ξt`x.ξq
´
e´φ1w2 ` e
iφ2w1 ` w2w1
¯
,(4.38)
which yieldsż
Q
qpx, tqu2u1 dx dt “
ż
Q
qpx, tqe´ip2y.ξt`x.ξq dx dt` P1pξ, y, σq ` P2pξ, y, σq,(4.39)
where we have set
P1pξ, y, σq “
ż
Q
qpx, tqe´ip2y¨ξt`x¨ξqe´iφ1
´
eiφ2 ´ eiφ1
¯
dx dt,
P2pξ, y, σq “
ż
Q
qpx, tqep´i2y¨ξt`x.ξq
´
e´iφ1w2 ` e
iφ2w1 ` w2w1
¯
dx dt.
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Recalling that φj “ N´1ω˚j p´ω
˚
j ¨Ajq, for j “ 1, 2, we deduce from the definition of P1 that
|P1pξ, y, σq| ď C
´
}e
iN´1
ω˚
2
p´ω˚
2
¨A2q
´ e
iN´1
ω˚
2
p´ω˚
2
¨A1q
}L8pΩq ` }e
iN´1
ω˚
2
p´ω˚
2
¨A1q
´ e
iN´1
ω1
˚p´ω1
˚¨A1q
}L8pΩq
¯
,
with C ą 0 is depending on T , M , Ω and }A1}. Using the continuity of N´1ω p´ω ¨ Aq with respect to ω
(see Lemma 2.4 in [25]), we get that
|P1pξ, y, σq| ď C
´
}N˚ω2
´1p´ω˚2 .A2q ´N
´1
ω˚
2
p´ω˚2 .A1q}L8pΩq ` |ω
˚
2 ´ ω
˚
1 |
¯
ď C
ˆ
}A}L8pΩq `
|ξ|
σ
˙
.
On the other hand, from Cauchy Schwarz inequality, Lemma 2.1 and (2.17), we get
|P2pξ, y, σq| ď C
´
}w2}L2pQq}e
´iφ1}L2pQq ` }e
iφ2}L2pQq}w1}L2pQq ` }w2}L2pQq}w1}L2pΩq
¯
ď
C
σ
.
This completes the proof of Lemma 4.1. 
4.2. Estimate of the Fourier transform. In view of relating the Fourier transform of the electric potential
q “ q1 ´ q2 to ΛA1,q1 ´ ΛA2,q2 , we first establish the following auxiliary result
Lemma 4.2. For any σ ě σ0 and ξ P Rn such that |ξ| ă 2σ, we have the following estimate
|pqpξ, 2y.ξq| ď C´eCσ}ΛA2,q2 ´ ΛA1,q1} ` eCσ}dαA1 ´ dαA2}L8pΩq ` |ξ|σ ` 1σ¯,
for some C that is independent of |ξ| and σ.
Proof. First, for σ ą σ0, Lemma 2.7 guarantees the existence of a geometrical optics solution u2 of the
form
u2px, tq “ e
´ippρ2.ρ2qt`x.ρ2qpeiφ2pxq ` w2px, tqq,
to the magnetic Schrödinger equation
(4.40)
"
piBt `∆A2 ` q2px, tqqu2px, tq “ 0, inQ,
u2px, 0q “ u0, in Ω,
where ρ2 is given by (3.25) and w2px, tq satisfies
(4.41) σ}w2}H2p0,T,H1pΩqq ` }w2}L2p0,T,H2pΩqq ď C
Let us denote by fσ :“ u2|Σ. We consider a solution v to the following non homogeneous boundary value
problem
(4.42)
$&% piBt `∆A1 ` q1px, tqqv “ 0, in Q,vp., 0q “ u2p., 0q “ u0, in Ω,
v “ u2 “ fσ, onΣ.
Denote u “ v ´ u2, then u is a solution to the following homogenous boundary value problem for the
magnetic Schrödinger equation$&% piBt `∆A1 ` q1px, tqqu “ 2iA ¨∇u2 ` hpx, tqu2, inQ,upx, 0q “ 0, inΩ,
upx, tq “ 0, onΣ,
16 I. BEN AÏCHA
where we recall that
A “ A1 ´A2, q “ q1 ´ q2 and h “ i divA´ p|A1|2 ´ |A2|2q ` q.
On the other hand, we consider a solution u1 of the magnetic Shrödinger equation (2.14) corresponding to
the potentials A1 and q1, of the form
u1px, tq “ e
´ippρ1.ρ1qt`x.ρ1qpeiφ1pxq ` w1px, tqq,
where ρ1 is given by (3.24) and w1px, tq satisfies
(4.43) σ}w1}H2p0,T,H1pΩqq ` }w1}L2p0,T,H2pΩqq ď C.
Integrating by parts and using the Green Formula (3.29), we getż
Q
qpx, tqu2u1 dx dt “ i
ż
Ω
pΛ1A2,q2 ´ Λ
1
A1,q1
qpgqu1p., T q dx ´
ż
Σ
pΛ1A2,q2 ´ Λ
2
A1,q1
qpgqu1 dσx dt
`
ż
Q
iApxq ¨ pu1∇u2 ´ u2∇u1q dx dt´
ż
Q
p|A1|
2 ´ |A2|
2qu2u1 dx dt,
where g “ pu2|t“0, u2|Σq. To bring the Fourier transform of q out of the above identity, we extend q by zero
outside the cylindrical domain Q, we use Lemma 4.1 and take to account that
}u2u1}L1pQq ď C, and }u1∇u2}L1pQq ` }u2∇u1}L1pQq ď Cσ,
and get
|pqpξ, 2y ¨ ξq| ď C´}ΛA2,q2 ´ ΛA1,q1}}g}H2pΩqˆH2,1pΣq}φ}L2pΣqˆL2pΩq ` Cσ}A}L8pΩq ` |ξ|σ ` 1σ¯,
where φ “ pu1|Σ, u1|t“T q. Now, bearing in mind that
}g}H2pΩqˆH2,1pΣq ď Ce
Cσ, and }φ}L2pΣqˆL2pΩq ď CeCσ,
we get for all ξ P Rn such that |ξ| ă 2σ and for all y P Bp0, 1q,
(4.44) |pqpξ, 2y.ξq| ď C´eCσ}ΛA2,q2 ´ ΛA1,q1} ` eCσ}A}L8pΩq ` |ξ|σ ` 1σ¯.
Finally, using the fact that }A}W 1,8pΩq ď C}curlA}L8pΩq, (see Lemma B.5 in Appendix B), we obtain the
desired result. 
We are now in position to estimate pqpξ, τq for all pξ, τq in the following set
Eα “ tpξ, τq P pR
nzt0uq ˆ R, |ξ| ă 2α, |τ | ă 2|ξ|u,
for any fixed 0 ă α ă σ.
Lemma 4.3. Suppose that the conditions of Lemma 4.2 are satisfied. Then we have for all pξ, τq P Eα,
(4.45) |pqpξ, τq| ď C´eCσ}ΛA2,q2 ´ ΛA1,q1} ` eCσ}dαA1 ´ dαA2}L8pΩq ` ασ ` 1σ¯.
Here C is independent of |ξ| and σ.
Proof. Fix pξ, τq P Eα, and set y “ τ2|ξ|2 ¨ ξ, in such away that y P Bp0, 1q and 2y ¨ ξ “ τ . Since α ă σ we
have |ξ| ă 2α ă 2σ. Hence, Lemma 4.2 yields the desired result. 
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4.3. Stability estimate. In order to complete the proof of the stability estimate for the electric potential,
we use an argument for analytic functions proved in [3] (see also [1, 26]). For γ P Nn`1, we put |γ| “
γ1`...`γn`1.We have the following statement that claims conditional stability for the analytic continuation.
Lemma 4.4. Let O be a non empty open set of Bp0, 1q and let F be an analytic function in Bp0, 2q, obeying
}BγF }L8pBp0,2qq ď
M |γ|
η|γ|
, @γ P Nn`1
for some M ą 0 and η ą 0. Then we have
}F }L8pBp0,1qq ď p2Mq
1´µ}F }µ
L8pOq,
where µ P p0, 1q depends on n, η and |O|.
We refer to Lavrent’ev [12] for classical results for this type. For fixed 0 ă α ă σ, let us set
Fαpξ, τq “ pqpαpξ, τqq, pξ, τq P Rn`1.
It is easily seen that Fα is analytic and that
|BγFαpξ, τq| “ |B
γpqpαpξ, τqq| “ ˇˇˇBγ ż
Rn`1
qpx, tqe´αpx,tq.pτ,ξq dx dt
ˇˇˇ
“
ˇˇˇ ż
Rn`1
qpx, tqp´iq|γ|α|γ|px, tqγe´iαpx,tq.pξ,τq dx dt
ˇˇˇ
.
Hence one gets
|BγFαpξ, τq| ď
ż
Rn`1
|qpx, tq|α|γ|p|x|2 ` t2q
|γ|
2 dx dt ď }q}L1pQqα
|γ|p2T 2q
|γ|
2 ď C
|γ|!
pT´1q|γ|
eα.
Applying Lemma 4.4 on the set O “ E1 X Bp0, 1q with M “ Ceα, η “ T´1, we may find a constant
µ P p0, 1q such that we have
|Fαpξ, τq| “ |pqpαpξ, τqq| ď Ceαp1´µq}Fα}µL8pOq, pξ, τq P Bp0, 1q.
Now the idea is to estimate the Fourier transform of q in a suitable ball. Bearing in mind that αE1 “ Eα,
we have for all pξ, τq P Bp0, αq,
|pqpξ, τq| “ |Fαpα´1pξ, τq| ď Ceαp1´µq}Fα}µL8pOq
ď Ceαp1´µq}pq}µ
L8pBp0,αqXEαq
ď Ceαp1´µq}pq}µ
L8pEαq
.(4.46)
The next step of the proof is to get an estimate linking the coefficient q to the measurement ΛA1,q1 ´ΛA2,q2 .
To do that we first decompose the H´1pRn`1q norm of q as follows
}q}
2
µ
H´1pRn`1q
“
´ ż
|pξ,τq|ăα
ă pξ, τq ą´2 |pqpξ, τq|2 dξ dτ ` ż
|pξ,τq|ěα
ă pξ, τq ą´2 |pqpξ, τq|2 dτ dξ¯ 1µ
ď C
´
αn`1}pq}2
L8pBp0,αqq ` α
´2}q}2
L2pRn`1q
¯ 1
µ
.
It follows from (4.46) and Lemma 4.3, that
(4.47) }q}
2
µ
H´1pRn`1q
ď C
”
α
n`1
µ e
2αp1´µq
µ
´
eCση2 ` eCσ}dαA1 ´ dαA2}
2
L8pΩq `
α2
σ2
`
1
σ2
¯
`
1
α
2
µ
ı
,
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where we have set η “ }ΛA2,q2 ´ ΛA1,q1}. In light of Theorem 1.2, one gets
(4.48) }q}
2
µ
H´1pRn`1q
ď C
”
α
n`1
µ e
2αp1´µq
µ
´
eCση2 ` ecσηs ` eCσ| log η|´2µs `
α2
σ2
`
1
σ2
¯
`
1
α
2
µ
ı
.
The above statements are valid provided σ is sufficiently large. Then, we choose α so large that σ “
α
2µ`n`3
2µ e
αp1´µq
µ , and hence α
2µ`n`1
µ e
2αp1´µq
µ σ´2 “ α
´2
µ , so the estimate (4.48) yields
(4.49) }q}
2
µ
H´1pRn`1q
ď C
”
eCe
Nα
pη2 ` ηs ` | log η|´2µsq ` α
´2
µ
ı
,
where N depends on µ and n. Thus, if η P p0, 1q, we have
(4.50) }q}
2
µ
H´1pRn`1q
ď C
´
eCe
Nα
| log η|´2µs ` α
´2
µ
¯
.
Finally, if η is small enough, taking α “ 1
N
log
´
log | log η|
µs
C
¯
, we get from (4.50) that
}q}
2
µ
H´1pRn`1q
ď C
”
| log η|´µs `
”
log
´
log | log η|
µs
c
¯ ı´ 2
µ
ı
.
This completes the proof of Theorem1.3.
APPENDIX A. WELL-POSEDNESS OF THE MAGNETIC SCHRÖDINGER EQUATION
In this section we will establish the existence, uniqueness and continuous dependence with respect to
the data, of the solution u of the Schrödinger equation (1.1) with non-homogeneous Dirichlet-boundary
condition f P H2,10 pΣq and an initial data u0 P H10 pΩq XH2pΩq.
A.1. Proof of Theorem 1.1. We decompose the solution u of the Schrödinger equation (1.1) as u “ u1`u2,
with u1 and u2 are respectively solutions to$&% piBt `∆Aqu1 “ 0, inQu1px, 0q “ 0, inΩ
u1px, tq “ f, onΣ
,
$&% piBt `∆A ` qqu2 “ ´qu1, inQu2px, 0q “ u0, inΩ
u2 “ 0, onΣ
Using the fact that f P H2,10 pΣq, we can see from [2][Theorem 1.1] that
(A.51) u1 P C1p0, T ;H1pΩqq,
and
(A.52) }u1}C1p0,T ;H1pΩqq ď C}f}H2,1pΣq.
Moreover, we have Bνu1 P L2pΣq, and we get a constant C ą 0 such that
(A.53) }Bνu1}L2pΣq ď C}f}H2,1pΣq.
On the other hand, from [10][Lemma 2.1] , we conclude the existence of a unique solution
(A.54) u2 P C1p0, T ;L2pΩqq X Cp0, T ;H2pΩq XH10 pΩqq,
that satisfies
}u2p., tq}H1
0
pΩq ď C
´
}qu1}W 1,1p0,T ;L2pΩq ` }u0}H1
0
XH2
¯
.
ď C
´
}u0}H1
0
XH2 ` }f}H2,1pΣq
¯
.(A.55)
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Next, we consider a C2 vector field N satisfying
Npxq “ νpxq, x P Γ, |Npxq| ď 1, x P Ω.
Multiplying the second Schrödinger equation by N.∇u2 and integrating over Q “ Ωˆ p0, T q we get
´
ż T
0
ż
Ω
q u1N.∇u2 dx dt “ i
ż T
0
ż
Ω
Btu2N.∇u2 dx dt`
ż T
0
ż
Ω
∆u2N.∇u2 dx dt
`
ż T
0
ż
Ω
p2iA.∇ ` idiv A´ |A|2 ` qqu2N.∇u2 dx dt “ I1 ` I2 ` I3.
By integrating with respect to t in the first term I1, we get
I1 “ i
ż
Ω
”
u2px, T qN.∇u2px, T q ´ u2px, 0qN.∇u2px, 0q
ı
dx
´i
ż T
0
ż
Ω
N.∇pu2 Btu2q dx dt` i
ż T
0
ż
Ω
Btu2N.∇u2 dx dt.
Therefore, bearing in mind that iBtu2 “ ´q u1 ´∆Au2 ´ qu2, we get
2ℜ I1 “ i
ż
Ω
”
u2px, T qN.∇u2px, T q ´ u0N.∇u0
ı
dx´
ż T
0
ż
Ω
div N q u2u1 dx dt
´
ż T
0
ż
Ω
div N q |u2|
2 dx dt`
ż T
0
ż
Ω
∇Apdiv N u2q.∇Au2 dx dt
´i
ż T
0
ż
Γ
u2Btu2 dσ dt´
ż T
0
ż
Σ
Bνu2pu2 div Nq dσ dt.
As the last term vanishes since u2 “ 0 on Σ, we deduce from (A.55) that
|ℜ I1| ď C
´
}f}2H2,1pΣq ` }u0}
2
H1
0
XH2
¯
.
On the other hand, by Green’s Formula, we have
I2 “ ´
ż T
0
ż
Ω
∇u2∇pN.∇u2q dx dt`
ż T
0
ż
Γ
Bνu2pN.∇u2q dσ dt
“ ´
ż T
0
ż
Ω
∇u2.∇pN.∇u2q dx dt `
ż T
0
ż
Γ
|Bνu2|
2 dσ dt,
So, we get
I2 “
ż T
0
ż
Γ
|Bνu2|
2 dσ dt´
1
2
ż T
0
ż
Ω
divp|∇u2|
2Nq dx dt
`
1
2
ż T
0
ż
Ω
|∇u2|
2 div N dx dt´
ż T
0
ż
Ω
DNp∇u2,∇u2q dx dt.
Thus, we have
I2 “
ż T
0
ż
Γ
|Bνu2|
2 ´
1
2
ż T
0
ż
Γ
|∇u2|
2N.ν dσ dt
`
1
2
ż T
0
ż
Ω
|∇u2|
2 div N dx dt´
ż T
0
ż
Ω
DNp∇u2,∇u2q dx dt.
Next, using the fact that
|∇u2|
2 “ |Bνu2|
2 ` |∇τu2|
2 “ |Bνu2|
2, x P Γ,
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where ∇τ is the tangential gradient on Γ, we obtain
ℜ I2 “
1
2
ż T
0
ż
Ω
|Bνu2|
2dσ dt`
1
2
ż T
0
|∇u2|
2 div N dx dt
´
ż T
0
ż
Ω
DNp∇u2,∇u2q dx dt.
Moreover, by (A.55), it is easy to see that
|ℜ I3| ď C
´
}f}2H2,1pΣq ` }u0}
2
H1
0
XH2
¯
,
so that, we deduce from the above statements that
}Bνu2}L2pΣq ď C
´
}f}H2,1pΣq ` }u0}H1
0
XH2
¯
.
From the above reasoning, we conclude that u “ u1 ` u2 P Cp0, T ;H1pΩqq, Bνu P L2pΣq and we have
}up., tq}H1pΩq ` }Bνu}L2pΣq ď C
´
}f}H2,1pΣq ` }u0}H1
0
XH2
¯
.
APPENDIX B. SOME FUNDAMENTAL STATEMENTS
In this section, we collect several technical results that are needed in the proof of the main results. We
first introduce the following notations. Let P pDq be a differential operator with D “ ´ipBt, Bxq. We denote
by rP pξ, τq “ ´ ÿ
kPN
ÿ
αPNn
|Bkτ B
α
ξ P pξ, τq|
2
¯ 1
2
, ξ P Rn, τ P R.
For 1 ď p ď 8, we define the space
B
p, rP “ tf P S1pRn`1q, rPFpfq P LppRn`1qu,
equipped with the following norm
}f}B
p, rP “ } rPFpfq}LppRn`1q.
We finally denote by
Bloc
p, rP “ tf P S1pRn`1q, ϕf P Bp, rP , @ϕ P C80 pRn`1qu.
We start by recalling some known results of Hörmander:
Lemma B.1. Let u P B8, rP and v P C80 pRn`1q. Then, we have uv P B8, rP , and
}uv}
8, rP ď C}u}8, rP ,
where the positive constant C depends only on v, n and the degree of P .
Lemma B.2. Any differential operator P pDq admits a fundamental solution F P Bloc
8, rP satisfying Fcosh |px,tq| P
B
8, rP . Moreover, it verifies
}
F
cosh |px, tq|
}
8, rP ď C,
where C is a positive constant that depends only on n and the degree of P .
Our first goal in this section is to prove the following theorem:
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Theorem B.3. Let P ‰ 0 be a differential operator. Then for all k P N, there exists a linear operator
E : L2p0, T ;HkpΩqq Ñ L2p0, T ;HkpΩqq,
such that:
(1) P pDqEf “ f, for any f P L2p0, T ;HkpΩqq.
(2) For any linear differential operator with constant coefficient QpDq such that |Qpξ, τq|rP pξ, τq is bounded,
we have QpDqE P BpL2p0, T ;HkpΩqqq and
}QpDqEf}L2p0,T ;HkpΩqq ď C sup
Rn`1
|Qpξ, τq|rP pξ, τq }f}L2p0,T ;HkpΩqq,
where C depends only on the degree of P , Ω and T .
Proof. Let f P L2p0, T ;HkpΩqq. There exists an extension operator
S : L2p0, T ;HkpΩqq ÝÑ L2p0, T ;HkpRnqq
f ÞÝÑ rf,
such that for all t P p0, T q, we have rfp., tq|Ω “ fp., tq. Next, we introduce
rf0 “
$&%
rf , t P p0, T q, x P Rn
0, t R p0, T q, x P Rn.
So, we have rf0|Q “ f . Let R ą 0 and V be a neighborhood of Q. We consider ψ P C80 pRn`1q such that
ψ|V “ 1 and satisfying supp ψ Ă Bp0, Rq Ă Rn`1. Let F be a fundamental solution of P . We consider the
following operator
E : L2p0, T ;HkpΩqq ÝÑ L2p0, T ;HkpΩqq
f ÞÝÑ Epfq “ pF ˚ ψ rf0q|Q
Since P pDqpF ˚ ψ rf0q “ ψ rf0, then we clearly have
P pDqEf “ pψ rf0q|Q “ f.
We turn now to proving the second point. For this purpose, we consider ϕ P C80 pRn`1q such that ϕ “ 1 on
a neighborhood of the closure of tx´ y, x, y P Qu. We can easily verify that
pF ˚ ψ rf0q|Q “ pϕF ˚ ψ rf0q|Q.
The last identity entails that for all α P Nn, such that |α| ď k, we have
}BαQpDqEf}L2pQq “ }QpDqB
αpF ˚ ψ rf0q}L2pQq
“ }QpDqϕF ˚ Bαpψ rf0q}L2pQq
ď }QpDqϕF ˚ Bαpψ rf0q}L2pRn`1q
ď }F
`
QpDqϕF ˚ Bαpψ rf0q˘}L2pRn`1q
ď }Qpξ, τqFpϕF qFpBαpψf˜0qq}L2pRn`1q
ď }Qpξ, τqFpϕF q}L8pRn`1q}B
αpψf˜0q}L2pRn`1q
ď }Qpξ, τqFpϕF q}L8pRn`1q}B
αf}L2pQq.(B.56)
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Using the fact that
Qpξ, τqFpϕF q “
Qpξ, τqrP pξ, τq rP pξ, τqF
´
ϕ cosh |px, tq|
F
cosh |px, tq|
¯
,
we deduce from Lemma B.1 and Lemma B.2 that
(B.57) }Qpξ, τqFpϕF q}L8pRn`1q ď C sup
pξ,τqPRn`1
|Qpξ, τq|rP pξ, τq .
Then from (B.56) and (B.57), we get
(B.58) }BαQpDqEf}L2pQq ď C sup
pξ,τqPRn`1
|Qpξ, τq|rP pξ, τq }f}L2p0,T ;HkpΩqq, @α P Nn, |α| ď k.
Thus, we find that
}QpDqEf}L2p0,T ;HkpΩqq ď C sup
Rn`1
|Qpξ, τq|rP pξ, τq }f}L2p0,T ;HkpΩqq,
which completes the proof of the lemma. 
Finally, we establish the following statement:
Lemma B.4. Let Ω Ă Rn be a simply connected domain, and let A P C2pΩ,Rnq be such that A|Γ “ 0.
Then, for p ą n, there exists a function ϕ P C3pΩq such that ϕ|Γ “ 0 and A1 P W 1,ppΩ,Rnq, satisfying
A “ A1 `∇ϕ, A1 ^ ν “ 0, and divA1 “ 0. Moreover, there exists a constant C ą 0, such that
(B.59) }A1}W 1,ppΩq ď C }curlA1}LppΩq.
Proof. Let ϕ be the solution of the following problem
(B.60)
"
∆ϕ “ divA, inΩ
ϕ “ 0, inΓ.
Then, setting A1 “ A´∇ϕ, using the fact that A|Γ “ ϕ|Γ “ 0, one gets
A1 ^ ν “ A^ ν ´∇ϕ^ ν “ 0, and divA1 “ 0.
In order to prove (B.59), we argue by contradiction. We assume that for all k ě 1 there exists a non-nullĂA1k PW 1,ppΩq such that
(B.61) }ĂA1k}W 1,ppΩq ě k }curlĂA1k}LppΩq.
We set A1k “
ĂA1k
}ĂA1k}W 1,ppΩq . Then we have }A1k}W 1,ppΩq “ 1 and k }curlA1k}LppΩq ď 1. In view of the weak
compactness theorem, there exists a subsequence of pA1kqk such that A1k á A1 in W 1,ppΩq. Using the fact
that W 1,ppΩq ãÑ LppΩq, we deduce that A1k Ñ A1 in LppΩq. As a consequence, we have
}A1}W 1,ppΩq “ 1 and }curlA1}LppΩq “ 0.
This entails that there exists η P W 1,ppΩq such that A1 “ ∇η. Then, using the fact that div A1 “ 0 and
A1 ^ ν “ 0, we deduce that there exists a constant λ P R such that"
∆η “ 0, in Ω
η “ λ, in Γ.
Finally, using the fact that Ω is a simply connected domain we conclude that η “ λ in Ω. This entails that
A1 “ 0 and contradicts the fact that }A1}W 1,ppΩq “ 1. 
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As a consequence of Lemma B.4, we have the following result
Lemma B.5. Let Ω Ă Rn be a simply connected domain, and let A P C2pΩ,Rnq such that A|Γ “ 0. If we
further assume that div A “ 0, then the following estimate
}A}W 1,ppΩq ď C }curlA}LppΩq,
holds true for some positive constant C which is independent of A.
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